ABSTRACT. A relation between periodic Hilbert spaces of entire functions and polynomials orthogonal on the unit circle is obtained, and a result of G. Szego on asymptotic limits of orthonormal polynomials on the unit circle is extended under a positivity condition.
Introduction
By a weight function we mean an analytic function of bounded type in the upper half-plane, which is continuous and without zeros in the closed upper half-plane. Let W(z) be a weight function and h a positive number. Assume that the identity
W(z + h) = W(z)
holds for all z in the upper half-plane.
Let ^n(C), n = 0,1,..., be polynomials such that the coefficient of ( n in ^n(C) '
Let W(z) be a periodic weight function of period h and g its mean type. Consider the function aW(z)exp(igz), which is denoted by Wo(^)> where the constant a is chosen so that If the maximal Hilbert space of entire functions, which is contained isometrically in ^(WQ), contains a nonzero element, then an entire function J^o(^) exists by [1] , Theorem 23, such that a space H(EQ) exists and is isometrically equal to the maximal Hilbert space. Because the identity
Wo(z + h) = Wo{z)
holds for all real z, the space H{EQ) is periodic of period h. By [1] 
, Problem 197 and Problem 203, the function E[){z) can be chosen so that EQ{Z -h) -Eo(z)exp(-i0)
for some real number 9.
Let w be a complex number such that EQ(W) = 0. Then the function Eo(z)/(w -z) belongs to the space H (Eo) . By the definition of the space 7Y(.Eo), the function Eo(z)/Wo(z) is of bounded type and of nonpositive mean type in the upper halfplane. Since the function Wo(z) is bounded type and of zero mean type in the upper half-plane, ^o(^) is of bounded type and of nonpositive mean type in the half-plane. Similarly, we can also show that the function EQ(Z) is of bounded type and of nonpositive mean type in the upper half-plane. Since the exponential type of a nonconstant entire function is always nonnegative, the function ^o(^) is of exponential type and has zero exponential type by [1] , Problem 37. Since the identity
\E 0 (z-h)\ = \Eo(z)\
holds for all real z, the function ^o(^) is bounded on the real axis. It follows from [1] , Problem 38, that EQ(Z) is a constant. Hence we obtain the following theorem: Theorem 1.2. The maximal Hilbert space of entire functions, which is contained isometrically in the space ^(Wo), contains no nonzero elements.
Let H{Ei) be the maximal Hilbert space of entire functions for some entire function Ei(z) such that multiplication by expfaiz/h) is an isometric transformation of the space into ^(Wo)-A similar argument shows that the function i£i(£) is of exponential type and has exponential type at most TT/ZI. Let
for some nonreal number w. 
holds for some real number 6. Let
Then f(z) is of bounded type in the upper half-plane and satisfies the identity f(zh) = f(z) for all complex z. The above argument shows that the function f(z) has exact mean type (6 + 7r)/h in the upper half-plane. It follows from the proof of Lemma 1.1 that 8 = (21 -l)7r for some integer /. Hence the identity
Eiiz -h) =-E^z)
holds for all complex z. Since Ei(z) has exact exponential type n/h and is periodic of period 2/i, it follows from [5] , Theorem 6.10.1, that Ei(z) can be written in the form a_iexpf --z 1 -h ao -faiexpf-ri\.
Since Ei(z -h) = -Ei(z), we deduce that ao = 0. Since Ei(z) has exact mean type ir/h in the upper half-plane, we can assume that a_i is a positive number. 
It will be now shown that the quotient
is not a real number. Argue by contradiction, assuming that it is a real number. Set /=ijf h erp(-^t)|Wb(*)r a *.
Since the identities If we divide E(z) by a some constant, the stated result follows. This completes the proof of the theorem. □ Let Hn be the maximal Hilbert space of entire functions such that multiplication by expfairiz/h) is an isometric transformation of the space into ^(Wo), By [1] , Theorem 23, an entire function E n (z) exists such that a space H(E n ) exists and is isometrically equal to Tin-The space Ti n is called the n-th mock-Sonine space for every positive integer n. Write E n (z) = A n (z) -iB n (z) with A n (z) and B n (z) real for real z.
A similar argument made before Theorem 1.3 shows that E n (z) can be chosen such that the identity
holds for all complex z. Furthermore, it can be written in the form \3\<n with a n > 0, where the summation is either over odd integers j if n is odd or over even integers j if n is even. It is clear that H(Ei) is contained isometrically in H(E n ) for every positive integer n. Since Ei(z) has no real zeros, it follows from [1] , Theorem 33, that a space H(M n ) exists such that the identity
holds for all complex z. If E n (xo) = 0 for some real XQ, then Ei(xo) = 0 because M n (xo) has determinant one. This is not possible. It follows that E n (z) has no real zeros for every positive integer n. Multiplying E n (z) by some constant, we can assume that iy \E n (t)/w 0 (t)\ 2 dt=i
and that
with a n > 0, where C = expi^iriz/h).
Periodic spaces
By [1] , Theorem 40, there exists a family of spaces H(E(t)), 0 < t < oo, and a nondecreasing, matrix-valued function m{t) " \m 7(*) J whose entries are continuous, real valued functions defined in the interval (0, oo) with these properties:
is a continuous function of t for every complex z and
{A{b, z), B(b, z))l -(A(a, z), B(a, z))l = z f (A(t, z), B(t, z)) dm(t)
J a whenever 0 < a < b < oo, where /
-GV> (3) E(a i z) has no real zeros and H(E(a))
is contained isometrically in £ 2 (/f) when a is regular with respect to m(£), where fj L (t)= I |Wb(a;)r 2 £fa.
Assume that t is the largest nondecreasing function such that m(£) -itl is nondecreasing in (0, oo). Since the identity
holds for all real a and 6, it follows from [1] , Theorem 49, that a(t), (3(t) and 7(£) are linear functions of t in any interval ((n -l)7r/h,n7r/h) for all positive integers n. Since m f (t) has determinant one for all t in (0, oo), the space H(E(a)) is contained isometrically in C 2 (fi) for every positive number a. From now on, we denote nir/h by r n for all nonnegative integer n. By [1] , Problem 198, the function
is the unique matrix valued function of t in (T n _i,r n ) such that
M(a,z)I-I = z I M(t,z)dm(t)
Jr n -i
for every a in (T n _i, r n ). It follows inductively from [1] , Problem 141, that the identity . Then a n c n -bl = l. The identity (2.1) can be written as
If we replace E(r n , z) by the function (A(T n ,z),B(r n ,z))p-^1(^\ X.-J. LI which is still denoted by E(T n ,z), then the space H(E(T n )) remains unchanged and the identity --z)E(T n -i,z) = (c n + c n +i + [b n+1 c n -b n c n +i]i)E(T n ,z)
+ (Cn -Cn+1 -[bn+lCn -b n Cn+l]i)E(T n , z) holds for n = 2,3,.... Put <MC) = exp(-iT n z)E(T n ,z) J where £ = exp(-27riz/h). Define
^(C) = C n^( i/C).
Then the identity
holds. Let fc^ be the coefficient of C n in </> n (C) and I n the constant term of 0^(0-Then the identities
hold. Solve the equations (2.3) and (2.4). It follows from (2.2) that the identity Kn-l holds. Let a n be a sequence of complex numbers such that k n /a n are positive numbers, and such that
Replacing E(r n ,z) by E(T n ,z)/a n , which is denoted still by E n {T n ,z), and using the same notation k n for the coefficient of C n in the correspondingly obtained new function ^niC)-) we obtain the identity for all positive integers n. From the recurrence relations of functions </ >■<*(() we see that functions (j)n(0 depend only on numbers bj and CJ, j = 1,2,..., if 0i(C) is given. Let iftniO, ra = 0,1,..., be a system of polynomials with the following properties:
(1) ipniO 1S a polynomial of precise degree n in which the coefficient k n of £ n is real and positive; (2) the system is orthonormal, that is, 
Theorem 2.3. The n-th mock-Sonine space Ti(E n ) is isometrically equal to the space l-C(E(T n )) for every positive integer n.

Proof. By ordering theorem [1], Theorem 35, either H(E n ) contains H(E(T n )) or n(E(T n )) contains n(E n ).
First, we assume that W(J5(r n )) contains H{E n ). By [1], Theorem 33, a space H(M) exists such that (A(T n ,z),B(T n ,z)) = {A n (z),B n (z))M(z).
Since E n (z -h) = (-l) n E n (z) and E(T n , z -h) = (-l) n E(T n , z), the identity (A(T n ,z),B(T n ,z)) = (A n (z),B n (z))M-(z) holds, where M_(z) = M(z -h). By [1], Theorem 28, a space H(M_) exists. It follows from [1], Problem 100, that M{z -h) = M(z). According to [1], Problem 128 and Problem 37, entries of M(z) are of exponential type. Let
M(A _(A{z) B{z)\ M^-[C{Z) D(z)) and ( -exp(-27riz/h).
D(z) + iC(z) = J^iirj + i'j)? + (rj -isfiC'}.
Let C(T n , z) and D(r n , z) be entire functions, which are real for real z, such that
A n {z) B n {z)\ , , _ (A{T n ,z) B(T n ,z)\ -B n {z) A n {z)) M{Z '-\C{T n ,z) .D(r n ,z))
It follows from the proof of [1] , Theorem 33, that identities
A(z) -% B(z) + D(z) + iC(z) = -^-^ (1 + ^-^ and
A(r\-jnf^ -r>(<y\-inf^ ■= :
E n {z) V ^(Tn,^) hold for all complex z. By the proof of [1] , Theorem 27, a real number r exists such that the identity
iri J_ 00 \E(r n ,t)
holds for all complex z in the upper half-plane. Write exp(-ir n^B (r n , z) = 6 n C n + • • • + 6o and (ThTTZ \ --z}E n (z) = a n C n + • • • + ao.
Then aoa n / 0 and exp(--z)E n (z) = aoC H H a n. 
\47rJ_v JK J l-exp(iz-it) /
The function Wi(z) is of bounded type and of zero mean type in the upper half-plane, satisfies the identity Wi(z -f 27r) = Wi(z) for all complex z in the upper half-plane, and is continuous and without zero in the closed half-plane. Let 7i(E n ) be the n-th mock-Sonine space associated with the weight function Wi(z). Then E n (z) can be chosen such that
for all positive integers n.
Positivity conditions
By [1] , Problem 37, every element of the n-th mock-Sonine space H n is of exponential type and has exponential type at most r n for every positive integer n. Since Wo{z) is continuous on the real axis and satisfies the identity Wo(z 4-h) = Wo(^) for all complex z, every element of H n is square integrable on the real axis. Let F(z) belong to Hn-By [1] , Theorem 17, there exists a function f(t) in £ 2 (-r n ,T n ) such that
-r
Conversely, every function of this form belongs to Hn-We see that the function F{z 4-1) belongs to the space W n whenever F{z) does, and that the space H n is contained isometrically in H m whenever n <m. From now on, we assume that the given weight function W(z) has an analytic extension to the half-plane Im(z) > -1/2, and that W{z)IW(z + i) has a nonnegative real part in the half-plane. It is clear that the function WQ(Z) has the same properties. 
Jo
Since
The following theorem is a weak form of a theorem in [2], which is sufficient for the present purpose. For the convenience of readers, we sketch a proof here. 
holds, which implies that the real part of 
\n\Wo(t)\dty
Argue by contradiction, assuming that this inequality is not true for some larger integer n. It will be then shown that zeros of E(T n ,z) must lie in the half-plane Im(2)<-l/2 + €. Write holds when n > e~3. This is a contradiction. Let it; be a zero of E(r n^ z) such that lm(w) > -1/2 + e. By Theorem 2.2 and the first identity of Lemma 2.1, the identity
27n(w -z)
Since the real part of (F{t),F(t + i)) Hn^ is nonnegative for every element F{z) of Hn+i, the inequality ^exp(-[w -ty)K n (w,t),K n +i(w,t + ij}
+ \ ex p(-i-[w -i -t])K n (w,t + i),K n+1 (w,t)} < 4expf -[w -i -w]) ReK n (w,w + i)ReK n +i(w,w + i)
holds by the Schwarz inequality. It follows that
The identity
holds. By the second identity of Lemma 2.1, we have
It follows that the integral on the right side of (4.3) can be written as
By the Cauchy formula of the upper half-plane [1] , Theorem 12, we have a = 0. It is permissible to move the line of integration so that the first term of (4.4) is equal to
Since w -i and w are in the lower half-plane, the second term of (4.5) is equal to Putting (4.4)-(4.7) into (4.3), we obtain
it follows from (4.2) that Putting (4.9) into (4.8), we obtain a contradiction. Therefore, we must have Im(tt;) < -1/2 + e, and then all the zeros of E(T n , z) lie in the half-plane Im(^) < -1/2 -f-e. It follows from the first limit of Lemma 2.1 that
when n > e~3. This completes the proof of Step 1.
Step 4. Finally, we are going to complete the proof of the theorem. Let Vitali's convergence theorem says: Let /n(<z), rc = 1,2,..., be a sequence of analytic functions defined in a region V such that |/n(^)| < M for every n and for all z in P, where M is a fixed positive number. Assume that f n (z) tend to a limit, as n -» oo, at a set of points having a limit inside V. Then /n(^) tends uniformly to a limit in any region bounded by a contour interior to V, the limit being, therefore, an analytic function of z.
Since the limit lim^ifniz) = 2 + Wo(z + 2ie -|)/Wo(* + 2ie 4-^)
holds as ?! -> oo when Im(z) > 1/2, Vitali's convergence theorem implies that the limit lim expf^Ww) = e ie W Q (z)
holds uniformly for z in the half-plane Im(,z) > -1/2 + 3e for some real 0. This completes the proof of the theorem. □
